
M O D E L S  OF R A D I A T I V E  T R A N S F E R  IN F U R N A C E S *  

H.  C.  H o t t e l  a n d  A.  F .  S a r o f i m  UDC532.135 

Absolute r igor  in the t r ea tmen t  of radia t ive  t r an s f e r  in furnaces  is probably  an unattainable 
goal. The eng ineer ' s  p rob lem is to choose an idealization - a mathemat ica l  model - which 
is consis tent  with the accuracy  des i red  and/or the t ime avai lable for  the design. The latitude 
of choice is in continuous p rocess  of being widened, the object ives being the inclusion of more  
comple te  allowance for  r ea l i ty  and - some t imes  only, alas - a s implif icat ion of method. To 
i l lus t ra te  some of the pr inciples  of radia t ive  t r a n s f e r  as well as the range  of models  b e c o m -  
ing available,  a single furnace c ross  section,  more  or less  typical,  will be chosen for  appli-  
cation of s e v e r a l  models .  

T h e  Furnace  

Furnaces  a r e  typical of enc losures  in which radiat ion is dominant, and fue l - f i red  furnaces  r e p r e s e n t  
perhaps  as complex a p rob lem of heat t r an s f e r  as exis ts .  A furnace  for  t r ans f e r r i ng  energy  to ma te r i a l  
flowing inside tubes will be chosen, r ep resen ta t ive  of that c lass  of furnaces  which includes o i l - r e f ine ry  
tube s t i l l s ,  cracking coils and r e f o r m e r s ,  chemica l -p lan t  p rocess ing  furnaces  for  catalyt ic  operat ions  in- 
side tubes, and gas - f i r ed  s t e a m  bo i le r s .  Let the furnace c r o s s  sect ion be that of Fig. 1, chosen to i l lus-  
t r a t e  pr inc ip les  with min imum complexi ty  of details .  It is to be understood that 'more  typical  c ro s s  s e c -  
tions would have the tubes a r ranged  in more  complex pa t te rns .  

T u b e  R e p l a c e m e n t  

The f i r s t  s tep in any tube-row furnace p rob lem is to make use of the fact that the tube- to- tube  sca le  
is so  smal l  compared  to furnace dimensions as to cause the tubes to be more  or less  i so t ropica l ly  i r r ad i -  
ated. The tube row, and its r e f r a c t o r y  backing if any, can then be replaced  by an equivalent g ray  plane 
opera t ing at tube-sur face  t empera tu re .  Severa l  s teps are  involved. The interchange a r ea  S aS  b between 
two adjacent tubes a and b (their d i rec t  interchange pe r  unit d i f ference  in emiss ive  power) is given by 

F r o m  this the fract ion F p T  of isotropic radiat ion pass ing through a plane P, c lose to and para l le l  to the 
tubes, which is intercepted by the tubes is readi ly  obtained. It is 

aD SaSb 
p~r  = 2--c- c (2) 

If the tubes are  black and their  r e f r a c t o r y  backing in radia t ive  equil ibrium, the f rac t ion  of the radiat ion 
pass ing  through 13 towards the tubes which is intercepted by the tubes d i rec t ly  as well  as by re rad ia t ion  or 
diffuse ref lect ion f rom the r e f r a c t o r y  backing is F p T ,  given by 

Fpr = Fpr (2-- Fpr). (3) 

Finally,  if the tubes a re  g ray  Lamber t  su r faces  (diffusely reflecting) of emiss iv i ty  e, the f ract ion of the 
radiat ion pass ing through P which is absorbed by the tubes by all mechan i sms  - d i rec t  i r radia t ion,  mul -  
tiple ref lect ion between tubes and between tubes and r e f r ac to ry ,  and re rad ia t ton  f r o m  r e f r a c t o r y  - may be 
thought of as the equivalent absorpt iv i ty  or  emiss iv i ty  e' of an equivalent g r ay  plane replac ing  the t u b e - r e -  
f r a c to ry  backing sys t em,  given by 
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Fig. i. a) Furnace cross section; 
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b) roof-tube detail. 

e ' = l  1 -~ nD e 

The derivations of Eqs. (1)-(4) and the evaluation of equivalent gray-plane  emissivi ty  for other tube a r range-  
ments and for ordered a r rays  of other shapes are presented elsewhere ([1], pp. 31-36; 38; 112-118; 439- 
441}. 

T h e  G a s  M o d e l  

Radiation measurements  on the products of combustion, chiefly carbon dioxide and water  vapor, have 
been made - both totai-radiat i0n measurements  and spectral ;  and molecular  models now exist which are 
in good agreement  with both kinds of measurements .  For  many calculations all that is needed is a graphi-  
cal representa t ion of the total emiss ivi ty  of the flue gas as a function of part ial  p re s su res  of the radiating 
components,  path length, and temperature;  and a method of obtaining absorptivity f rom emissivi ty.  These 
are  available. If in the design of a furnace, however, allowance is to be made for  multiple reflection and 
for gas tempera ture  gradients,  then to ta l -emiss iv i ty  data do not suffice. There are two al ternat ives.  One 
is a complete.quanti tat ive descript ion of the spectra l  details of molecular  radiation f rom the gas component 
in question in the form, somet imes ,  of data on hundreds or  even thousands of wavelength intervals,  to- 
gether  with suitable band models.  The calculation time, especially when search  is for the fu rnace - t em-  
pera ture  field which satisfies furnace-opera t ing  conditions, is forbiddingly large.  The second and p r e -  
fe r red  approach is to represen t  the rea l -gas  to ta l -emiss ion charac te r i s t i cs  as an e-function ser ies  of the 
form 

~totat= ~ an (1--e--knPz )' (5) 
tz 

where p is the part ial  p r e s su re  of radiating constituent, L is the mean beam length, k is an absorption co-  
efficient and a is a weighting factor.  This se r ies  may be visualized physically in either of two ways:  as 
represent ing the a-weighted sum of n g ray  gases  acting independently, or as represent ing n spectra l  r e -  
gions o r  bands into which the gas is divided. Although there is an enormous variat ion in kX with wavelength 
X for real  gases ,  the res t r ic t ion  of interest  to a moderate  range of tempera ture  and of pL permi ts  fitting 
the true e t o t a l - T - p L  relation of the gas in question with a very  small  number of te rms  - never  more than 
three g ray  gases plus one c lear  gas (or 3 bands plus one window). Even the s implest  model - one gray  plus 
one c lear  gas, or  one-band-plus-window model - suffices for many problems.* For  that model 

e = a(l e -~vz) = a ( l ~  e~kt). (6) 

The allowance f o r  effect of tempera ture  can, over  a moderate range, be taken care  of by assuming 
the k 's  to be temperature- independent  and letting a ~ a(T). 

The same formulation, with the same k 's ,  can be used to represent  absorptivity c~ except for the fact 
that a is now a function not of the absorber  tempera ture  but of that of the radiation source.  If oq2 is the ab- 
sorptivi ty of gas at T 1 for  radiation f rom a source at T2, 

*The o n e - g r a y - p l u s - c l e a r  gas model suffices,  however, only for  the range of pL which charac te r i zes  a p a r -  
t icular  problem; when the charac te r i s t i c  dimension or  tempera ture  range changes, so must k and a. 
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Fig. 2. Equivalent furnace c ro s s  sect ion.  

a~ ---- ~ [an (T~)] (1 - -  e--k-L). (7) 
n 

Recent  compar i sons  of radiat ion rece ived  at the end of a gas path along which the t e m p e r a t u r e  va r i e s  
widely have been made, using (a) the lengthy calculat ions assoc ia ted  with a 600-constants  r ep resen ta t ion  of 
molecu la r  radiation,  and (b) the m i x e d - g r a y  gas model based on fitting the 3 - g r a y - p l u s - o n e - c l e a r  gas model 
to a total e m i s s i v i t y - t e m p e r a t u r e - p a t h  length relat ion der ived f r o m  the s ame  p r i m a r y  source .  Over all 
p rac t i ca l ly  in teres t ing ranges  of var ia t ion  in t empera tu re  along the path, and in total path length, the two 
methods were  in excellent  agreement .  On the las t  type of p rob lem to be  considered in these notes ,  method 
(a) of supplying the gas radiat ion would produce an impasse .  

T h e  W e l l  S t i r r e d  F u r n a c e  

Many industr ial  furnaces  opera te  with sufficient momentum in the enter ing a i r  and/or fuel to a s su re  
a reasonab ly  well  s t i r r ed  combust ion chamber ,  and to just i fy the ass ignment  of single values to the c o m -  
posit ion and t empera tu re  of the radia t ing gases  in the chamber .  That  assumpt ion will be made here .  The 
furnace,  with tubes replaced,  becomes  a box containing hea t - s ink  su r face  A 1 at known t e m p e r a t u r e  T 1 con-  
t rol led by the feed of the p roce s s  s t r e am ,  r e f r a c t o r y  su r faces  designed by Ar ( o r b y  At, A s,  At if allowance 
is to be  made for  T r  variation) at an unknown equi l ibr ium t e m p e r a t u r e  Tr ,  and radia t ing gas at an unknown 
t e m p e r a t u r e  Tg. The two unknowns Tg and heat-f lux (~g~l necess i t a t e  two equations, an energy  balance 
and a h e a t - t r a n s f e r  relat ion.  Consider  the la t ter .  

(1) Gray Gas. A s imple  and useful model is based on the assumpt ion  that all the r e f r a c t o r y  is at the 
s a m e  unknown t empera tu re ,  the sink is gray ,  and the gas is gray .  ff the sink is black,  the total net in t e r -  
change between gas and sink by all mechan i sms  - direct ,  mul t ip ly- re f lec ted ,  and via  r e f r a c t o r y  radiat ion 
- pe r  unit di f ference in black emiss ive  powers  of gas and sink is called (GSl)R,black, having the dimensions  
of a r e a  and called the to ta l -exchange area .  

(GSl---)Rblack= eg (A 1 -~ Ar (s) 
%" / " 

I+ (i__ eg) Fr, ' 

The view-factor Frl is the fraction of all the radiation leaving A r if black, which, without gas absorption, 
arrives at A I. Since AIFIr = ArFrl and since for the present simple configuration Fir = 1, Frl = AIA r. 

When the sink is a gray Lambert surface the gas-sink flux is given by 

= (Tg -- TI) (9) Q g = l  ( 6 S l )  R G 4 4 

with 

i , +_,(i ) 
iGS1)~-(GSI)Rblac k AI ~ - - - I .  (I0) 

In this expression A i is the area of the plane replacing the row of tubes and their refractory backing, and 
e i is its effective emissivity, given by (4). 

The above treatment could have included allowance for variation of temperature over the refractory 
surfaces and for variation of the field of view of AI, but at the expense of using matrix methods and, prob- 
ably, machine computation ([1], 302-305; 368-375); and allowance could also have been made for departure 
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Fig. 3. Thermal  per formance  of well s t i r red  chambers .  Reduced efficiency, Q, as a 
function of the reduced f ir ing density, D', and r: 1) radiation sections of tube stills; 2) 
domestic boilers;  3) soaking pits; 4) open hearths;  5) gas- turb ine  conductors.  

f rom diffuse re f l ec tance  at A 1 ([1], 177-186); but the end product would in each case be a single (C~I)R for 
use in Eq. (8). 

(2) Nongray Gas. In sys tems  in which the walls are not dark gray  the calculation of t ransmiss ion  
through the zones of a sys tem must take into account the variat ion of gas t ransmit tance with wavelength. 
In the spect ra l  regions of s t rong band absorption the radiation f rom a zone will be attenuated after a short  
passage through the gas, whereas  in the spect ra l  windows or  in weak absorption bands substantially com-  
plete absorption may occur  only after  reflection at several  walls. It is apparent that exchange between 
zones i and j is then inadequately descr ibed by a single SiSj; the quality of the radiation will change. And 
at r e f r ac to ry  surfaces  the energy absorbed at a wavelength of s t rong band emission f rom the gas will be 
reemit ted as black radiation capable, in part ,  of passing through the windows in the gas spectrum. 

Allowance for absorpt ion-coeff icient  variat ion may'be made as r igorously  as desired by r ep resen ta -  
tion of the gas emiss iv i ty  and absorptivity as those f rom a weighted sum of gray  gases (Eq. (5)). But since 
a n depends on the radiation source  temperature ,  GS based on a ' s  and k ' s w i l '  apply to a specific net d i rec -  
tion of radiative t ransfer ,  designated by GS if f rom gas to surface  and GS or  SG if f rom surface to gas. 
Fur the rmore ,  allowance cannot be made in GS for r e f r ac to ry - a s s i s t ,  because A r though in overall  radia-  
tive equilibrium is no longer in equilibrium with respect  to radiation of a specific ki; it may be a net ab- 
so rber  in the spec t ra l  region of k i and net emit ter  in the region of kj. Consequently, r e f r ac to ry  surfaces  
are now classed as s o u r c e - s i n k  type ra ther  than radiat ive-equi l ibr ium type. The general  t reatment  is in- 
volved ([1], 310), but a geometr ica l ly  simple idealization of great  pract ical  utility yields a simple c losed-  
form solution. That is the case of a nongray gas (1 gray  plus 1 clear),  single gray  sink At, and single gray  
r e f r ac to ry  surface  A 2. 

The lat ter  is here  temporar i ly  designated by A 2 - a source  or sink - ra ther  than by A r because of 
its above-discussed ambivalent charac te r .  It may be shown that the net flux Qg_~ is given by 

Q~I - -Jr l _{_ l 

S1S~ GS 2 

The t e rm in the bracket ,  allowing as it does for  the radiation f rom gas to A t with the aid of the n oo-flux s u r -  
face A 2 acting as a source  in some spectra l  regions and sink in others,  is proper ly  designated (GSt) R. The 
double-ended arrows indicate that, though allowance has been made for the difference in absorption and 
emission, the factor  is applicable to flux in either direction. 

A simplification comes f rom considering surfaces  A t and Ar to be intimately mixed, the "speckled- 
furnace model ."  Every  spot on the walls has the same view of A t and A r and "sees ~ A t throughout the sol id-  
angle fraction At/(A i + Ar), designated by Cs, the "cold-surface"  fraction of the furnace walls. Though the 
speckled-furnace  assumption is a ra ther  poor one for the present  furnace, it is quite good for  many furnaces 
in which the heat sinks, adding to At, are  distributed over  severa l  wall, roof, and floor areas .  For  a 
speckled enclosure confining a nongray gas r e p r e s e n t e d b y  a o n e - g r a y - p l u s - o n e - c l e a r  gas or  one-band- 
plus-window model, and with subscr ipt  r replacing 2, (GSi)I~ is given by 
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In this,  AT is the total envelope a rea  of the furnace chamber  A 1 + Ar, ag is the value of a cor responding  
to the gas t empera tu re ,  and eg,e is the equivalent g ray  emiss iv i ty .  The las t  t e r m  comes  f r o m  dodging the 
need to exp res s  GS and GS separa te ly ;  this can be done provided eg is evaluated at the ar i thmet ic  mean of 
Tg and T 1 and then multiplied by a fac tor  (4 + a '  + b - c)/4 where  a '  (unrelated to a or  ag) = 8In eg /8 lnpL,  
b = 81n eg/0ln Tg, c = 0.65 for  CO2, 0.45 for  H20 , 0.5 for  average  flue gas.  The fac tor  may be ignored and 
eg, evaluated at Tg, used instead when T 1 < Tg/2. The value of ag in arty case  is obtained f r o m  fitt ing the 
emiss iv i ty  eg, at the m e a n - b e a m  length L m of the s y s t e m  and at twice or  three  t imes that Length, to the 
g r a y - p l u s - c l e a r  gas model to give e~,L,~ 

ag  ---- . ( 1 3  a)  
2eg, Lm ~ ~g fiL m 

2Sg, L m 
ag = 3_[4(Sg,3L~a/~g, Lm)_3]i ~ for L m and 3L m (13b) 

The der ivat ions  of Eqs. (11) and (13a) appear  e l sewhere  ([1], 317-320; 250). 

Equation (12) is r e la t ive ly  s imple  consider ing the complexi ty  of the radiat ive p r o c e s s e s  for  which it 
makes  allowance. 

(3) Gray  Gas,  Speckled Walls .  If  the s i m p l e r  g r ay  gas model r ep resen ted  by Eqs. (8) and (10) is 
conver ted  to the speckled-wal l  model (Frl  - -  C), those equations yield 

Ar (14) 
(asl} = - - 1  + ; 

Cs81 ~g 

a re la t ion of ex t rao rd ina ry  s impl ic i ty .  Equation (14) will be  used for  combination with an energy  balance.  
Let HF r e p r e s e n t  the enthalpy in the feed s t r e a m  (air and fuel) entering the chambe r  pe r  hour, measured  
above a base  T 0. Fo r  this s impl i f ied t r ea tment  the external  losses  f r o m  the furnace and the internal  con-  
vection to the sink and r e f r a c t o r y  su r faces  will be assumed  negligible.  An energy  ba lance  then yields 

ftp--Qg~l T g - - T  o (15) 
He TaF -- T O 

This is both an energy balance and a definition of TAF, which is that adiabatic f lame t e m p e r a t u r e  (HF/ffaCp) 
obtained by ignoring dissociat ion and by using, over  the in terval  T o to TAF, the same  mean heat eapaci ty  
of the gases  as is applicable over  the interval  T o to the outlet gas t e m p e r a t u r e  Tg. ELimination of Tg b e -  
tween (14) and (15) and dropping of subsc r ip t s  on Q yields 
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Q ~ - T ~ = T ~ E ( 1 - - Q ( T A p - - T ~  
(as,)R (18) 

Let the following d imens ionless  groups be defined: Q' the reduced furnace efficiency, the actual eff iciency 
(~/H F t imes the t e m p e r a t u r e  ra t io  (TAF - T0)/TAF; D'  the reduced f i r ing density; H F / ( ~ ( ~ I ) R T ~ F ( T A F  

- To) ) the ra t io  of energy  input to a kind of radiat ing ability; v the ra t io  of sink t e m p e r a t u r e  T 1 to pseudo-  
adiabatic f lame t empe ra tu r e  TAF. 

In t e r m s  of the new groups,  (16) becomes  

Q,D' + "c' ~ (1--Q,)4. (17) 

Furnace  eff iciency is seen to be a function only of f i r ing densi ty and re la t ive  hea t -s ink  t empera tu re ,  
and the f i r ing densi ty t e r m  makes  due allowance for  such opera t ing va r i ab les  as fuel type or  excess  a i r  or  
a i r  p rehea t  which affect  f lame t e m p e r a t u r e  and gas emiss iv i ty ,  for  f ract ional  occupancy of the walls by 
sink su r faces ,  and for  wall  emiss iv i ty .  The function rep resen ted  by (17) is plotted in Fig. 3, which pe rmi t s  
s eve ra l  in teres t ing conclusions:  

1. As the f ir ing ra te  Dr dec rea se s ,  eff iciency r i s e s  and approaches  1 - v in the l imit .  

2. Changes in sink t e m p e r a t u r e  a re  unimportant  if ~ < 0.3. 

3. As the f u r n a c e - c h a m b e r  wail  approaches  complete  coverage  by a black sink, [. e . ,  as Cse  1 ap-  
p roaches  1, the effect  of f lame emi s s iv i t y  on D'  becomes  one of inverse  propor t ional i ty .  At ex-  
t r eme l y  high f i r ing r a t e s  where  Q' becomes  inverse ly  propor t ional  to Dr, the eff iciency va r i e s  
d i rec t ly  as gas emiss iv i ty  eg; but at low f i r ing ra tes ,  cha rac t e r i s t i c  of many furnaces ,  the ef-  
fect  of eg is much less .  

4. When the furnace wall is well  covered  with r e f r a c t o r y  su r faces  and/or the sink is not black (CsS i 
<< 1), a change of f lame emis s iv i ty  produces  a much less  than propor t ional  change in heat t r a n s -  
fe r .  

Equation (17) and/or Fig. 3 const i tute a bas i s  for  c lass i f ica t ion  of furnace types,  some  of which are  
indicated by the range  of va r i ab l e s  in which they opera te .  

When the furnace  is not so well  s t i r r ed  as to just i fy the assumption that the enthalpy t e m p e r a t u r e  of 
the leaving gases  is the s ame  as the mean radiat ing gas  t empera tu re ,  al lowance can be made by assigning 
a value A to the d i f ference  

A = Tg: radia[ing-- Tg, leaving system" (18) 

This has the effect  of inser t ing +A/TAF inside the b racke t  of Eq. (16) or  Ar(=-A/TAF) inside the pa ren the -  
sis of (17). It has been found emp i r i c s l l y  that a value of 250-300~ suff ices  to make the modified equations 
fit  r e m a r k a b l y  well  the data on a number  of furnaces  cha rac te r i zed  by a r a the r  highCsel(above 0.5). Rig-  
orous calculat ions of fa r  more  sophis t icated furnace models produce resu l t s  which are  i l luminatingIy ana-  
lyzed by plotting on the coordinates  of the f igure r ep resen t ing  (17) ([1], 463-470). 

T h e  L o n g - F u r n a c e  M o d e l  w i t h o u t  A x i a l  R a d i a t i v e  F l u x  

We have so fa r  r e s t r i c t e d  in te res t  to furnaces  so well  s t i r r ed  that a single t empe ra tu r e  can c h a r a c -  
te r ize  the radiat ing gases .  The o ther  ex t r eme  is the long furnace,  for  which a c ro s s  sect ion normal  to the 
gas- f low direct ion will again be  r ep resen ted  by Fig. 1. As before ,  the f i r s t  s tep is r ep l acemen t  of tubes 
and their  backwall  by an equivalent g r ay  plane, to give the c ro s s  sect ion in Fig. 2. This furnace  s y s t e m  
is cha rac t e r i zed  by three assumpt ions :  

1, combust ion occurs  so rapidly compared  to total gas res idence  t ime in the furnace that the gas t e m -  
pe ra tu re  at the bu rne r  end is the adiabatic f lame t e m p e r a t u r e  (though this assumpt ion can be mod-  
ified by using data on actual furnaces);  

2. the furnace length in the di rect ion of gas flow is so g rea t  compared  to its height or  width that net 
rad ia t ive  flux in the x -d i rec t ion  (gas-flow direction) may be ignored re la t ive  to flux normal  to it; 

3. the gas at any flow c r o s s  sect ion has a mean radiat ing t e m p e r a t u r e  and mean enthalpy t empe ra tu r e  
which a re  the same .  
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F r o m  these assumpt ions  it follows that the local flux densi ty g at the sink at the downs t ream distance 
x is express ib le  in t e r m s  of local gas and sink t empera tu re s  and the local configuration - the shape in 
c ross  sect ion and the disposit ion of sink and r e f r a c t o r y  su r faces .  Thus qg~- I  = qgt (Tg, Tl, Pi), where  
P1, the p e r i m e t e r  occupied by the sink furnaces ,  is a par t ia l  m e a s u r e  of t h e s h a p e  at x. Similar ly ,  the 
local external  losses  to surroundings  at T O may be r ep resen ted  by qg0 ~ qg0 (Tg, Pr) ,  where  P r  is the 
p e r i m e t e r  occupied by r e f r a c t o r y  su r faces  f r o m  which there  is an externa l  loss .  In the length d:r the net 
energy  flux f r o m  the gas dQg,net is given by 

dQg.net = qg=iPldx + q~=oPrdx -- - -  dHg, 

where  ~Ig is the enthalpy pe r  hour in the furnace gases  pass ing a point (=rnCpdTg), and 

qg=lp, = (0S1)~ a (74 - -  T]) ~- UIP , (Tg- -  T1). (19) 
L 

The las t  t e r m  r e p r e s e n t s  convection to the sink, and ( ~ I ) R / L  r ep re sen t s  the to ta l -exchange a r ea  pe r  unit 
length of furnace.  This exchange a rea  is calculated fo r  a th ree -d imens iona l  sys t em,  as though a spot on 
the sink sees  ups t r eam and downs t ream as well as ac ross ;  but its downs t ream view is as much colder  than 
its c ro s s  view as its ups t r eam  view is hot ter ,  and it r ece ives  radiat ion as though the whole furnace t e m p e r -  
ature pa t te rn  is the s a m e  as the t e m p e r a t u r e  pat tern  at the c ro s s  sect ion at x. The t e r m  (GSOR can be 
calculated with any degree  of r igo r  desired;  in the p resen t  example it could be assumed given by Eq. (12), 

w i t h A T / L  = PI + Pr ,  and C s = P1/(P 1 + Pr) .  

If the sink t empe ra tu r e  changes significantly along the, furnace - and in a "long" furnace it genera l ly  
does - another  equation is neces sa ry .  If in addition the mean enthalpy t e m p e r a t u r e  of the p roces s  s t r e a m  
inside the tubes is different than T1, the tube skin t empera tu re ,  s t i l l  another  relat ion is needed (this is the 
case ,  for  example,  in ca ta lys t -packed  tubes). Let the hourly enthalpy of the sink I:I l be a known function of 
its mean enthalpy t empe ra tu r e  T]; and let the overa l l  h e a t - t r a n s f e r  coefficient  U 1 f rom tube outer  skin T 1 
to p roces s  s t r e a m  t empera tu r e  T~ be a known function of T~. The s y s t e m  of equations needed for  a so lu-  
tion is then 

- -  dHg (Tg) _ (GSx)R o (T~ - -  T~) + U1P 1 (Tg--  T1) + UoP ~ (Tg - -  To), (20) 
dx L 

+ dH 1 (T;) (GS1)R 4 = o (Tg-- T~) + UIP I (Tg - -  T~), (21) 
dx L 

UIPI (rl  - -  TI) = (Ggl)R a (T~ - -  T~) q- U1P 1 (Tg - -  T1), (22) 
L 

U 0 is the overa l l  h e a t - t r a n s f e r  coefficient  through the r e f r ac to ry ,  gas to ambient  a i r  around the furnace .*  
The sign of dH1/dx indicates application to c o - c u r r e n t  flow of combust ion gases  and p roces s  s t r e am.  

Rigorous solution of two nonlinear s imul taneous equations (20) and (21) in three  unknowns, with non- 
l inear  equation (22) used to e l iminate  TI, Would normal ly  r equ i re  machine computation.  Inspection of Eq. 
(20) indicates,  however,  that it is re la t ive ly  insensi t ive to changes in T1 because  of the T ~ t e r m .  This 
suggests  that the re la t ion between Tg and T 1 be guessed,  and the guess  fed into (20), which can then be 
wri t ten in the fo rm 

dx = - -  dHg (Tg) (23) 

(OSt)~ a (T~ - -  T])  -]- UoP r (Tg - -  To) 4- UtPt  (Tg-- T1) 
o u g , . ,  L 

*The val idi ty of express ing  the heat  loss f r o m  gas to outside a i r  in t e r m s  of an overa l l  coefficient,  with r e -  
f r a c t o r y  t empe ra tu r e  not mentioned, is conditional on the radia t ive  equi l ibr ium and gas -convec t ive -equ i l ib -  
r i um i n s i d e - r e f r a c t o r y  t empe ra tu r e s  being the same .  This is only true if convection, gas to r e f r a c t o r y  
sur face ,  equals conductive loss through it. Such an assumpt ion is genera l ly  justified. If it is not made,  
{~ I )R  cannot be used because  Ar changes f rom a radia t ive  equi l ibr ium to a s o u r c e - s i n k  type surface;  one 
more  unknown is added, the t e m p e r a t u r e  Tr;  and an additional equation is needed. This will be  an energy 
balance  on A r .  Two new tota l -exchange a reas  must  be  evaluated, GS r and S1S r, and the enormous inc rease  
in complexi ty  is se ldom justif ied.  
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For  every  Tg the r ight  side is calculable,  and graphical  integrat ion f r o m  Hg (entering) to Hg gives the c o r -  
responding furnace  position x. Three  points on the curve  (Fig. 4) often suffice to de te rmine  the total length 
of a furnace with flue gases  leaving at a specif ied Tg,out. With the T g - x  re la t ion  establ ished,  Eq. 21 can 
be integrated to obtain T~ vs Tg, with which knowledge (22) gives a new relat ion between Tg and T I. When 
Tl has a l a r g e r  influence on (20), the above sequence is applied to smal l  s tep changes in Tg, with conve r -  
gence es tabl ished before  the next s tep is taken. 

A l l o w a n c e  for E f f e c t  o f  G a s  T e m p e r a t u r e  G r a d i e n t s  on R a d i a t i o n  

In the models  d iscussed so far ,  g a s - s u r f a e e e x e h a n g e  has been assumed  to occur  between a su r face  
mad a u n i f o r m - t e m p e r a t u r e  gas,  with no intervening gas p resen t  at another  t empera tu re .  Allowance for  
gas t e m p e r a t u r e  gradients  enormous ly  compl ica tes  the problem,  and the engineer  should think twice before  
deciding on the need for  more  sophis t ica ted  models than those presented  above. But if p r o g r e s s  is to be 
made in determining,  without building and rebuilding furnaces ,  what the effects  of the i r  operat ing and de-  
sign va r i ab le s  will be on the distr ibution of heat fluxes to the sink su r faces ,  the re  is no a l te rnat ive  to a more  
near ly  r igorous  approach.  

Consider  an enc losure  with gas and sur face  t empera tu re  vary ing  throughout. A volume e lement  dV t 
will emi t  radiat ion of wavelength X in all d i rect ions  at the ra te  4kxEx,jdV j pe r  wavelength interval;  where  
k x is the monochromat ic  absorpt ion coefficient,  and E x is the monochromat ic  emiss ive  power of a black 
body - the Planek function. The resul t ing  flux density r -d i s t an t  would be, without attenuation, 1/~rr 2 if taken 
normal  to r; and the t r ansmi t t ance  will be e - fkx( r )  dr, the t e r m  kx(r ) indicating that k x is expected to v a r y  
along the path. The monochromat ic  intensity leaving a su r face  e lement  dAj will beWx, j /% where  W x is the 
hemisphe r i ca l  leaving-f lux densi ty due to both emiss ion  and reflect ion.  At an angle Ojt with the normal  to 
dAj and a dis tance r f r o m  it, the flux densi ty due to dAj will be reduced by the f ac to r  (cos Ojt /r  2) t imes  the 
t r ansmi t t ance  p rev ious ly  evaluated.  F r o m  these pr inc ip les  one can wri te  an energy balance  on a volume 
dVj within the total volume V enclosed by a r ea  A ,  which will include as inputs the emiss ion  f r o m  all volume 
e lements  dVj and all su r face  e lements  dA i and absorpt ion by dV t, convection f r o m  any sur face  touching 

SCHEME 1. Energy  Balance on Volume dV i 
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dVi, enthalpy flux into dVi; and as outputs the radiative emission f rom dVi and, for the unsteady state, its 
rate of energy absorption by enthaipy increase.  Scheme 1 shows such a balance. 

Similarly,  an energy balance may be written on a surface element dA b Scheme 2. 

The two equations are integro-different ial  equations, i . e . ,  functions inside the integrals are tem-  
perature-dependent ,  and the temperature  field is initially unknown. In the pre-digi ta l  computer  days the 
simultaneous solution of these equations for a complex configuration would not have been considered feas-  
ible. Today there are two broad approaches to the problem: one is to think of the volume and surface as 
each being divided into many small  isothermal zones, some of the zones having an unknown temperature  
and known flux, others a known temperature  and unknown flux. An energy balance may be written for every  
zone of unknown temperature,  yielding a sys tem of nonlinear equations, in the limit an infinite matrix the 
solution of which is a solution of the integral equations. Solution of a finite-zone sys tem yields a close ap- 
proximation to the desired temperatures ;  these permit  evaluation of the unknown fluxes - the usual ulti- 
mate objective of the analysis.  There are no limits on the complexity of furnace geometry  or  of gas flow 
pattern in the application of the method, and it is certain to find increasing use in making furnace design 
more quantitative ([1], 365-377; 470-487). 

The other way to approach the problem is to think not of zones and tempera tures  but of the radiation 
field, the monochromatic intensity variat ion along every direction at every point for every wavelength. F o r -  
mulation of the variation of intensity along one of these monochromatic  radiation s t reams  would then yield 
a differential equation; and the whole field would be described by a multiply infinite number of such differ-  
entia[ equations. Only for cases in which some sor t  of symmet ry  exists - for example, flux through layered 
slabs or  along sys tems with dominant temperature  gradients in a single direction - is the concept useful. 
It was suggested by Schuster and Schwarzschild many years  ago for  problems in astrophysics;  it underlies 
the two-flux method of obtaining gross  approximations to sca t te r  problems in slabs. An application appeared 
by Roes ler  [2] on radiative t ransfer  in furnaces,  and the next subdivision here is based largely on his paper.  

T h e  L o n g - F u r n a c e  M o d e l  w i t h  A x i a l  R a d i a t i v e  F l u x  

Consider again a long furnace of c ross  section as in Fig. 1 and equivalent cross  section as in Fig. 2, 
with Pl and Pr  represent ing heat-s ink and r e f r ac to ry - su r f ace  per imeters ;  and let the gas tempera ture  and 
sink temperature  vary  only with downstream distance x, as in the previous long-furnace treatment.  For  
maximum simplici ty consistent with allowance for the radiation not being gray,  let the gas radiation be 
represented by the one band-plus-window model, Eq. (6) 

~g = a ( 1 -  e'kL). 

This divides black-body radiation into the fraction a lying in the region of gas absorption and emission, and 
the fraction 1 - a lying in the c lea r -gas  portion or  spectral  window. Let the heat sink and r e f r ac to ry  su r -  
faces be gray, as before, with emissivi t ies  e 1 and e r. 

Let the downflowing hot gas at Tg produce an enthalpy flux of I:Ig(Tg) or rhgC~Tg. Let the furnace be 
co-cur ren t ,  with downward flux of p r o c e s s - s t r e a m  enthalpy in the tubes des ignate~by I:ll(T~). The mean 
p r o c e s s - s t r e a m  temperature  T~ is lower than the outer tube-skin tempera ture  TI, and they are connected 
by the relation 

ql, net = u~ (T 1 -- T,) (24) 

where U~ is the overall  coefficient of heat t ransfer  f rom outer tube-skin to main body of process  s t ream.  
! 

' (it must be remembered  that U 1 must be ad- U~ is assumed dependent only on the s t r eam temperature  T 1 
justed for being based on an art if icial  sink area, C/~rD times the true tube area). 

Let the furnace gases lose heat by convection to the r e f r ac to ry  surfaces  at the same rate as the con- 
duction losses through the r e f rac to ry  walls and on to the ambient a tmosphere  at To, thereby making the loss 
rate per  unit furnace height PrU0(Tg-T0) , where U 0 is the overal l  hea t - t ransfer  coefficient, gas to outside 
air. Let the furnace gases lose heat by convection to the tubes at the rate UIPI (Tg-Tt ) ,  U t being adjusted 
the same way as U~. 

Let the gas-flow c ross  section of the furnace be S. Visualize a s t r eam of radiation in the axial d i r ec -  
tion, divided into an upward s t r eam and a downward s t r eam and fur ther  divided spect ra l ly  into radiation ly- 
ing in the band-fract ion a and the window-fraction 1 - a of the black-body spectrum.  There  are then six 
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s t r e a m s  ca r ry ing  energy along the x-d i rec t ion ,  the hot gases  c a r ry ing  it down at the ra te  Hg, the p ro ce s s  
s t r e a m  ca r ry ing  it down at the ra te  I:I1, the downwardly d i rec ted  band-rad ia t ion  s t r e a m  at a ra te  designated 
BD, the upwardly di rected band-radia t ion  s t r e a m  designated by BU, and the two window-radiat ion s t r e a m s  
designated by W D and W U. These  s t r e a m s  in terac t  more  or less  with each other ,  with the tube su r faces  Pl 
and with the r e f r a c t o r y  su r faces  Pr;  and the p rob lem is to formula te  the space ra t e  of change of each s t r e a m  due to 
coupltngwith the o thers .  The space  ra t e  of change dI~tg/dx of the gas s t r e a m ,  for  example ,  will be due to its e m i s -  
s ton into the band-rad ia t ion  s t r e a m s  B D and B U and its absorpt ion f r o m  them. The space  ra te  of change of the 
downward band- rad ia t ion  s t r e a m  dBD/dX will be due to its absorpt ion of radiat ion f r o m  the gas,  its emiss ion ,  its 
indirect  recept ion  f r o m  the ups t r e a m b a n d  s t r e a m  via re rad ia t ion  f r o m  the r e f r ac to ry ,  its absorpt ion of radiat ion 
emit ted by the tubes, and its recept ion f rom the window-radiat ion s t r e a m s  W D and W U via thei r  absorpt ion by the 
r e f r a c t o r y  su r face  and r e e m i s s i o n  pa r t i a l ly  in the band region of the spec t rum.  The six resul t ing  different ial  
equations have been a r ranged  in tabular  fo rmwi th  dftg/dx, dBD/dx , etc. along the left, the quanti t ies or  s t r e a m s  
f romwhich  they r ece ive  energy  along the top and the coeff icients  of those quantit ies,  o r  coupling t e r m s ,  in the 
main body. The construct ion of Scheme 3 is based  on the following pr inc ip les :  

a) the emiss ion  ra te  f rom a gas = 4kVE B = 4kVaT~ where  V is the volume; 

b) s ince an energy  balance on a sect ion Sdx through the furnace in s t eady- s t a t e  yields the relat ion 

d(~g + B o �9 B U + w D + w U + h~ + (hoss)/dx : o, 

the sum of the coupling t e r m s  in each column must  be zero; 

c) at equi l ibr ium 

B D= B U = aoT~S, 

% : w U = - 

and at equi l ibr ium each der iva t ive  t e r m  must  equal zero,  i . e . ,  the sum of the products  of the col-  
umn headings,  at equi l ibr ium, by the coupling t e r m s  ~ in a single row must  become zero;  

d) the coupling t e r m  for  interact ion of df-IJdx or dttIg/dx with B or W is the same  for  both direct ions,  
D and U. 

With these pr inc ip les ,  there follows a sequence of steps for  fil l ing in the coupling t e rms :  

1. Bow 1, column 1. Since the volume cor responding  to unit height is S, and the gas  emi ts  only in 
the energy  f rac t ion  a of the spec t rum,  the gas s t r e a m  emits  4kaSoT~ and the coupling t e r m  is 
4kaS. 

2. In Row 1, the above emiss ion  is exclusively ,  and equally, to s t r e a m s  B U and B D. Then the coef -  
f icients on B U and B D that sa t i s fy  (c) above a re  2kS, each. 

3. Since in the aT~ column the only t e r m s  coupled to o'T~ bes ides  dI:I~/dx a re  the dB/dx's  acting equal-  
ly, the coefficient  on each dB/dx coupling it to ~T~ is 2kaS, to sa t i s fy  (b). 

4. The loss ra te  dI:t/dx f r o m  the p rocess  s t r e a m  due to d i rec t  radiat ion f r o m  the tube su r face  is 
e~PloT~; so the coefficient  in the crT~ column is - e~P t .  

5. The only other  s t r e a m s  affecting dILIl/dx a re  the four s t r e a m s  B and W, and they act equally. Then, 
to sa t i s fy  (e), each of the four  coeff icients  is elP1/2. 

6. Consider  the aT~ column. Coupling t e r m s  additional to that in the dILIl/dx row will appear  in the 
dB/dx and dW/dx rows only. Those affecting dB/dx will be propor t iona l  to a, the band fract ion,  
those affect ing dW/dx to (1 - a), the window fraction; and there  is no difference between down and 
up. Then, to sa t i s fy  (b), the coefficients  must  be a e l P J 2  for  each dB/dx and (1 - a)etP1/2 fo r  each 
dW/dx. 

7. In the dBD/dx row, 2kaS in the o~r~ column must  be balanced by a t e r m  which can only be in the 
B D column, and to sa t i s fy  (c) the t e r m  must  be -2kS .  Also to sa t i s fy  (e) the t e r m  at~lPl/2 in the 
oT~ column must  be balanced by -e lP~/2  in the B D column. But that pa r t  of the r a t e  of change of 
downward band flux which is due to B D itself is equally re la ted to tubes and r e f r ac to ry ;  so if 
-eiPl/2 is p resen t ,  so  must  - e r P r / 2  be. In addition, in the s ame  box there  must  be -2kS  to off-  
se t  the +2kaS in the same  row under  ffT~ and thereby sa t i s fy  (c). 
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8. By symmetry ,  if -2kS,  - e lP l /2 ,  - e r P r / 2  is present  at the intersect ion of dBD/dX and BD, the 
same must be present  at the intersection of - d B u / d x  and B U. 

9. In the dWD/dX row, since (1 -a )e lP1 /2  appears as the coefficient of o-T~, a t e rm to offset it must 
appear in the same row, logically in the WD column, and to sat isfy (c) the t e rm must be - e lP l /2 .  
But if the window-radiation s t r eam is decreased by its own direct  flux to P1 there must be an 
equivalent direct  flux to Pr; so - e r P r / 2  belongs in the WD column as well. 

10. By the same argument or  by symmet ry ,  the same te rms  - elP1/2 , - e rPr /2  must appear, if in the 
dWD/dx-W D intersection, then also in the - d W u / d x - W  U intersection. 

11. In the B D column and the dBD/dx row the coefficient - e r P r / 2  represents  loss f rom the B D s t r eam 
to the r e f r ac to ry  surface.  The latter gives this up to all four radiation s t r eams ,  equally to B U 
and back to B D in proportion to a, and equally to W D + W U in proportion to (1 - a) (corresponding 
to r e f rac to ry -absorbed  band radiation reemitted as window radiation). To make the four coefficients 
add to erPr /2  and sat isfy (b), they are a s  for each dB/dx and (1 - a ) e r P r / 4  for each dW/dx 
in the B D column. 

12. The same argument puts the same four coefficients in the next (B) column. 

13. Symmetry  puts the same four coefficients in each of the next two (W D + WU) columns; and this 
also sat isf ies (c). 

This completes the set of equations, except for the obvious terms in the bottom row and last three 
columns, represent ing convection. Roesler  says that in a typical s team re fo rmer ,  convection to the tubes 
amounts to no more than one per  cent of the total t ransfer .  

The formulation of equations is necessa r i ly  inexact in severa l  respects .  For  example, (1) flux f rom 
and to the gas and to and f rom the B U and B D s t r eams  is not the full 2kS due to boundary wall effects. The 
e r r o r  is g rea te r  the smal le r  k4-s. The effect iS to reduce axial flux. (2) Radiation leaving W D for the tubes 
and not absorbed is assumed to continue downwards in WD, Whereas by diffuse reflection some of it joins 

W U �9 

To find a solution to the set of equations it is necessa ry  to fix as many boundary conditions as equa- 
tions. Comments on these and on additional requirements  for solution follow: 

1. Hg and H l are known at x = 0 because feed conditions are specified. Tg(0) would however be the 
adiabatic flame tempera ture  TAF if it were assumed that combustion were instantaneous. Roes le r  
assumes instead that there is a penetration depth L in which burner  jet mixing assures  a much 
lower initial temperature;  and the discrepancy between t:Ig and Tg in that range is handled by put-  
ting in an artificial  source  function, added to the expression for dHg/dx, and corresponding in ef- 
fect to delayed conversion of chemical  to sensible energy and/or back-mixing.  The exact form of 
the source  function is not cri t ical ,  only the magnitude of the difference between the fig of the feed 
s t r eam and the I:Ig corresponding to the chosen initial gas temperature  Tg(0). 

2. The difference between T l and T~ necessi ta tes  introducing an additional condition. The flux den- 
si ty of radiation incident on a wall at any level x is the ari thmetic mean of (BD + WD)/S and (Bu 
+ Wu)/S , f rom which the net flux density at the tube skin can be expressed two ways, giving 

(BD + RU + wn +Wu - ~ (25) 
(TI-- TI) U1 = ~i + UI(Tg -- T1) 

2S 

3. The radiant s t reams  are in ter - re la ted  at the r e f rac to ry  ends of the system.  When BU str ikes  the 
top, (1 - er) is reflected to put (1 - er)B U into s t r eam BD; and e r is absorbed and reradiated,  putting 
aerB U into B D and (1 - a)erB U into W D. When W U str ikes  the top (1 - er)W U is reflected into 
WD, erW U is absorbed and reradiated,  aerW U into B D and (1 - a)erW U into WD. 
and WD are known if B U and W U are gtven. 

B D = (1 - ~r) BU+ aSr (Bu + WU) 
W D =(1-- ~r) Wu +(1-- a) ~r(WU + BU) 

Similar ly at the furnace bottom, B U and W U can be found if BD and W D are given; 
subscripts  U and D in (26) and (27). 

F r o m  this, B D 

(26) 

(27) 

interchange 
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4. A f i r s t  choice of Tg(0) is made sa t i s fac to r i ly  by assuming  that its space  ra te  of change at x -- 0 
is negligible, that the gas is consequently in equi l ibr ium with the local band radiat ion s t r e am,  or  
that 

aW~(0)= BD(0) + B U(0) 
2aS 

5: The equations a re  nonlinear  and numer ica l  integrat ion is  the only possibi l i ty .  R o e s l e r ' s  com-  
ments on the difficulties of solution a r e  i l luminating. Values for  B and W at the furnace top were  
chosen for  a f i r s t  t r ia l ,  sa t i s fying Eqs.  (26) and (27). The intention was to march  down the f u r -  
nace with all s ix equations (he did not include any convection in his t reatment)  changing the top 
guesses  until the equivalents of Eqs. (26) and (27) were  sa t is f ied at the bottom; but calculat ional  
instabil i ty prevented  use of this method. When, instead, the equations were  integrated in the di-  
rect ion of the radiant  s t r e a m ,  those for  B D and W D f r o m  the top down and those for  B U and WU 
f r o m  the bot tom up, convergence  was sa t i s fac to ry .  

This  method of predic t ing furnace p e r f o r m a n c e  is l imited in scope to that c l ass  of furnaces  in which 
gas t e m p e r a t u r e  va r i e s  p r i m a r i l y  in a single direction,  but the c lass  of such furnaces  is a l a rge  one. The 
method has apparent ly  had cons iderable  p rac t i ca l  use in England. 

Note, To allow for  the effect of t e m p e r a t u r e  on gas emis s iv i ty  kwas  assumed p ropor t iona l  to 1 /Tg  and a 
assumed  constant.  F r o m  our work with the zone method it is c l ea r  that eg can be r ep re sen ted  over  a f a r  
wider  range of Tg by assuming a to be a function of T and k constant.  

T ime prevents  an exposition of the zone method (or a var ia t ion  on it, the zone- to -po in t  method), which 
has been extensively  used in MIT studies of furnace p e r f o r m a n c e  and is p re sen t ly  being used in a study 
of interact ion between natural  convection and radiat ion in g l a s s - fu rnace  mel t s .  

1~ 

2. 

L I T E R A T U R E  C I T E D  

M. C. Hottel and A. F. Sarofim,  Radiat ive T r a n s f e r ,  M c G r a w - H i l l ,  New York (1967). 
F. C. Roes le r ,  Chem. Eng. Science, 22, 1325 (1967). 

1114 


